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Applied Math for Machine Learning

* Linear Algebra
* Probability

* Calculus

* Optimization






Linear Algebra

e Scalar
— real numbers

 \Vector (1D)

— Has a magnitude & a direction

* Matrix (2D)

— An array of numbers arranges in rows &
columns

* Tensor (>=3D)
— Multi-dimensional arrays of numbers

A =

a:rb
/ a1l ai2
a2q a9

\afml Am?2

A1n \

Amn /




Real-world examples of Data Tensors

* Timeseries Data — 3D (samples, timesteps, features)
* Images — 4D (samples, height, width, channels)
* Video — 5D (samples, frames, height, width, channels)

[
[
L

Color channels/ |

Features { e

A"l / Height < ||

Timesteps
n Samples
.
- v

Width




Vector Dimension vs. Tensor Dimension

* The number of data in a vector is also called “dimension”
* In deep learning , the dimension of Tensor is also called “rank”

* Matrix = 2d array = 2d tensor = rank 2 tensor

https://deeplizard.com/learn/video/AiyKQidr4uM



https://deeplizard.com/learn/video/AiyK0idr4uM
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Matrix

J
e Define a matrix with m rows ncolumns  e—)
and n columns: a;; / \
aiq aiz aq3 . . .
mrows
Fri=r azq Az azs
A e R |
Fri=H i
aszq Az assz

Santanu Pattanayak, “Pro Deep Learning with TensorFlow,” Apress, 2017



Matrix Operations

e Addition and Subtraction
1+5 246 6 8
PR R _
3 4 7 8 3+7 4+8 10 12

1-5 2-6 -4 -4
A_Bz =
[3—7 4—8} {—4 —4}



Matrix Multiplication

* Two matrices A and B, where A< R RBe R

* The columns of A must be equal to the rows of B, i.e. n==p

n

e A*B=C, where Ce R™ q

1§ . _
° G =Z%bu 5

k=1 m m




Example of Matrix Multiplication (3-1)

[XT 42X G430
/)

1237 |75 _[s8
45 6 9 10| =

https://www.mathsisfun.com/algebra/matrix-multiplying.html



https://www.mathsisfun.com/algebra/matrix-multiplying.html

Example of Matrix Multiplication (3-2)

https://www.mathsisfun.com/algebra/matrix-multiplying.html



https://www.mathsisfun.com/algebra/matrix-multiplying.html

Example of Matrix Multiplication (3-3)
1 237, |7 S| _[58 64
4 5 6 9 10] = 139 154

https://www.mathsisfun.com/algebra/matrix-multiplying.html



https://www.mathsisfun.com/algebra/matrix-multiplying.html

Matrix Transpose

A c Rmxn AT c Rnxm

a,=a, Vie{l,2,.m}V je{l,2,.n}

Ji i

A Al

i i 1 3
- 2 4

Ul W =
A &N

https://en.wikipedia.org/wiki/Transpose



https://en.wikipedia.org/wiki/Transpose

Dot Product

* Dot product of two vectors become a scalar
* Inner product is a generalization of the dot product
e Notation: vy - v, or v{ v,

I/’ll UE
)N @
22 n
T T
| "y =l UVy.2Uy =V Uy =V, Uy =V, Uy TV Up +..+V, Uy, = Zvlk-vzk
B 2 - k=1
- 1
1n UZH_ L _J

V=



C

A
. . 4
Dot Product in a Matrix R
(b, c)
X.y=2
b < Column of y
b
A
P
r |
x.shape: L z.shape:
a < (@, b) | (a, c)
—




Geometric Definition of Dot Product

a-b = |a] [[b]| cos6

O = arccos(z-y/1711Y1)



Outer Product

11 UWiTe ... UV,

U2 o g ce e Ually
nBv=A=

4 & & ]

UmT1l  Umt2 ... Upmlip

Or in index notation:

(U@ v)i; = uv;

https://en.wikipedia.org/wiki/Outer_product



https://en.wikipedia.org/wiki/Outer_product

Outer Product for Recommendation System

 Collaborative Filtering can be viewed as outer product of user vectors
and item vectors

>
N
oo
—_

\""‘!

| A,
Harry Potter The Triplets of The Dark
4 Belleville Shrek Knight Rises emento
1 ‘ v v v
0 , v ' 4
) @ v v v
Ad

.:- J J

A children's <-> adult's ‘ preference for children's <-> adult's

https://developers.google.com/machine-learning/recommendation/collaborative/basics



https://developers.google.com/machine-learning/recommendation/collaborative/basics

Linear Independence

* A vector is linearly dependent on other vectors if it can be expressed
as the linear combination of other vectors

* Aset of vectors v4, U5,*+, U, is linearly independent if a; v, +
a,v, + -+ a,v, = 0impliesalla; = 0,Vi € {1,2,---n}

]
N
(]

v, v, ] =0where v,eR™ Vie{l1,2,...,n},| . |eR™

n n_|



Span the Vector Space
1.

* n linearly independent vectors can
n-dimensional space




Rank of a Matrix

* Rank is:
— The number of linearly independent row or column vectors
— The dimension of the vector space generated by its columns

e Row rank = Column rank

* Example: Row-
echelon
x2A 1 2 1 form 1 0 -5
A={1-2, -3 1] mmmm) |01 3
{8 8 0])x 00 0

https://en.wikipedia.org/wiki/Rank (linear algebra)



https://en.wikipedia.org/wiki/Rank_(linear_algebra)

l[dentity Matrix |

* Any vector or matrix multiplied by | remains unchanged
e Foramatrix4,Al =IA=A

I=[0 1 0|eR™ Iv={0 1 0} 3|=




Inverse of a Matrix

* The product of a square matrix 4 and its inverse matrix A™!
produces the identity matrix /

e AATl = ATTA =

* Inverse matrix is square, but not all square matrices has inverses



Pseudo Inverse

* Non-square matrix and have left-inverse or right-inverse matrix

* Example:
Ax = b,A € R™" ph € R"

— Create a square matrix ATA
ATAx = ATh

— Multiplied both sides by inverse matrix (A74) ™1
x = (ATA)71ATD

— (ATA)71AT is the pseudo inverse function



Special Vectors and Matrices

e Symmetric matrix: A4 = A’
e Unit vector: ||x|, =1

* Vector x and y are orthogonal if x'y =0
—and if ||x]|, = 1 and ||y||, = 1 => orthonormal

Xy = [x]|y|cos(90°) = 0

* Orthogonal matrix:
— A square matrix whose rows and columns are mutually orthonormal

ATA = AAT =
=) 4l= 4T

https://medium.com/linear-algebra/part-23-orthonormal-vectors-orthogonal-matrices-and-hadamard-matrix-bee6857c05c¢



https://medium.com/linear-algebra/part-23-orthonormal-vectors-orthogonal-matrices-and-hadamard-matrix-bee6857c05c

Norms

* Norm is a measure of a vector’s magnitude

l 1/2 ,
R ], = (e ) = () = (1)
z
B P T P e P
e [ norm
Y (N
e [, norm
im <], =tim(|x,” +f ++ ) = max(x,, 2 x,)



Compare |, norm and |, norm

Vara Dax)
L9
i
- \
21| + |22

https://www.slideshare.net/AndresMendezVazquez/03-machine-learning-linear-algebra



https://www.slideshare.net/AndresMendezVazquez/03-machine-learning-linear-algebra

Formal Definition of a Norm

* Triangular inequality: fx+y) < f(x)+fly)
* Absolute homogeneity: f(ax) = |a|f(x),Va € R

e Positive definiteness:  f(x) =0 = x =0

https://en.wikipedia.org/wiki/Norm (mathematics)



https://en.wikipedia.org/wiki/Norm_(mathematics)

Elgenvector

* Eigenvector is a non-zero vector that changed by only a scalar factor A
when linear transformation A is applied to:

Ax = Ax, A € R x € R"

where x is an Eigenvector and A is an Eigenvalue

* Important in machine learning, ex: AX = AX
— Principle Component Analysis (PCA)
— Eigenvector centrality
— PageRank




haracteristic Polynomial
Characteristic Polynomia ot Feverible D det (ADT)
Av = Av, » (A—Al)v=0,

 Calculate Eigenvalues 4 2 1
and Eigenvectors of A: 11 92|
* Characteristics 2— A 1 )
polynomial |A_‘M|:| 1 /QE—A :3/_4‘:’"'":"
7
(2-N)]
* Solve the polynomial: A =1 » Vi = : ., Vi—3 = ! .

https://en.wikipedia.org/wiki/Eigenvalues and eigenvectors



https://en.wikipedia.org/wiki/Eigenvalues_and_eigenvectors

Power lteration Method for Computing Eigenvector

o S A

Start with random vector v RNV
Calculate iteratively: v*+t1D) = Agky AT

s K A k=]
After v* converges, vKFTD = pk = ATV = AT Y

v* will be the Eigenvector with largest Eigenvalue



Example: Shear
Mapping

* Horizontal axis is the
Eigenvector




Eigenvalues of Geometric T

ransfo

rmations

scaling

Unequal scaling

Rotation

Horizontal shear

Hyperbolic rotation

L
LS

LL1

llustrati ' =: ;
ustration h ? ¥
Matrix |:k1 D} {c —3:| |:1 k:| {c 3
0 ks 5 cC 0 1 5 ¢
¢ = cosf ¢ = cosh
s = sinf s = sinh ¢
Characteristic a2 B B 2 e - |
A (A—k) A=Kk )A—k) A —2ch+1 (A—1) A 2ex+1
_ B A =k A =e? =c+si L M=e’=c+s
e Az = kg M=e ¥ =c—si A=A =1 M—eP=c—s
Algebraic mult.. =1 w =1 =1
=9 —9
pi = p(As) - pa =1 p2 =1 H po =1
Geometric mult., 9 v =1 =1 1 v =1
7 =7(A) 15 12 =1 7 =1 i v =1
m = -1- m = - 1 - 1 = -1]
Eigenvectors | All nonzero vectors o L] L | —1 1| == 1 L !
2 -1- 2 _+'i_ 2 -_1 '




Eigen decomposition

* Let A be a square n x n matrix with n linearly independent
eigenvectors g; (where i=1, ..., n). Then A can be factorized as

A= QAQ L

* Q Is the square n x n matrix whose ith column is the eigenvector g, of A

* A Is the diagonal matrix whose diagonal elements are the
eigenvalues A, = A.

https://en.wikipedia.org/wiki/Eigsendecomposition of a matrix



https://en.wikipedia.org/wiki/Diagonal_matrix
https://en.wikipedia.org/wiki/Eigendecomposition_of_a_matrix

Calculating Eigendecomposition

» Reformulate: Q_lAQ = A

1 0 _Ja b _[x 0]
oo =[S0ty ?

1 E:-__l_l 0]lla b il
* Solve _ ?

https://en.wikipedia.org/wiki/Eigsendecomposition of a matrix



https://en.wikipedia.org/wiki/Eigendecomposition_of_a_matrix

Singular Value Decomposition (SVD)

* Factorize matrix into singular vectors and

singular values

* Every real matrix has a SVD

M=U X V

mxn mxm mxn nNxn
A=UDV! =UzV* 10|
Uu U

[l
3

vV V

https://en.wikipedia.org/wiki/Singular value decomposition

Il
:_



https://en.wikipedia.org/wiki/Singular_value_decomposition

SVD for Recommender System

L HENEEE Jrent 7‘@”%@ :
nxm nxk

kxm

EJﬁEJmﬁD@

https://heartbeat.comet.ml/recommender-systems-with-python-part-iii-collaborative-filtering-singular-value-decomposition-5b5dcb3f242b

>


https://heartbeat.comet.ml/recommender-systems-with-python-part-iii-collaborative-filtering-singular-value-decomposition-5b5dcb3f242b

Principle Component Analysis (PCA)

* Find the important (principle) axes

oo O O S N -
(components) - '
8
e Used for Dimensionality Reduction
6l
* Assumptions
: . 4t
— Linearity
— Mean and Variance are sufficient 2r
statistics ol
— The principal components are orthogonal
s
9 e -
—6 i i i i . ;
-8 -6 -4 =2 0 2 4 ¥ 8 10

https://en.wikipedia.org/wiki/Principal component analysis



https://en.wikipedia.org/wiki/Principal_component_analysis

Face Recognition using Eigenfaces and SVM

predicted: Bush predicted: Bush predicted: Blair predicted: Bush
true: Bush true: Bush true: Blair true: Bush eigenface 0 eigenface 1 eigenface 2 eigenface 3
predicted: Bush predicted: Bush predicted: Schroeder predicted: Powell

true: Bush true: Bush true: Schroeder true: Powell eigenface 4 eigenface 5 eigenface 6 eigenface 7

predicted: Bush predicted: Bush predicted: Bush predicted: Bush
true: Bush true: Bush true: Bush true: Bush eigenface 8 eigenface 9 eigenface 10 eigenface 11

SRS

https://scikit-learn.org/stable/auto _examples/applications/plot face recognition.html#sphx-glr-auto-examples-applications-plot-face-recognition-py = =



https://scikit-learn.org/stable/auto_examples/applications/plot_face_recognition.html#sphx-glr-auto-examples-applications-plot-face-recognition-py

NumPy for Linear Algebra

* NumPy is the fundamental package for scientific computing
with Python.

—a powerful N-dimensional array object
—sophisticated (broadcasting) functions
—tools for integrating C/C++ and Fortran code

—useful linear algebra, Fourier transform, and random
number capabilities



Create Tensors

Scalars (OD tensors)

Vectors (1D tensors)

Matrices (2D tensors)

>>> import numpy as np
>>> X = np.array(12)
>>> X

array(12)

>>> x.ndim

0

>>> x = np.array([12,

>>> X
array([12,
>>> x.ndim
1

3,

6,

147)

3,

6,

147)

>>> X = np.array([[5,
[6,
[7,

>>> x.ndim
2

78,
79,
80,

2,
3,
4,

34,
35,
36,

01,
17,

211)




Create 3D Tensor

>>> x = np.array([[[5,
[6,
[ 7,
[[5,
[6,
[ 7,
[[5,
[6,
[ 7,

>>> ¥.ndim

3

=
L

- =
| I— -
-

=
L

- =
| I— -
-

=
L

=

e L B s D B s LD BO
0 T T T 0 TR S T N R S

=
L =
e
"




Attributes of a Numpy Tensor

* Number of axes (dimensions, rank)
— x.ndim
* Shape
— This is a tuple of integers showing how many data the tensor has along each axis

* Data type
— uint8, float32 or float64



Numpy Multiplication

Im[]: M

import numpy as np

In [4]: M

Out[4]:

In [5]: M

Out[5]:

In [10]: M
Out[10]:

x - hpariadlil, 2 3] (4 3 811
%

arrav([[1l, 2, 3],
[4, 5, 61D

¥ b aaville &l 19 0l (11 171}
¥

array([[ 7., 8],
[ 9, 10],
[11, 12]])

np.matmul(x, y)

arrav([[ 58, 64],
[139, 1541])




Unfolding the Manifold

* Tensor operations are complex geometric transformation in high-
dimensional space

— Dimension reduction




