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Applied Math for Deep Learning

ALinear Algebra
AProbability
ACalculus
AOptimization



Linear Algebra

AScalar

- real numbers

AVector (1D)

a+b

- Has a magnitude & a direction

AMatrix (2D)

- An array of numbers arranges in rows & A _
columns

ATensor (>=3D)
- Multi-dimensional arrays of numbers

/an ai2
a2q a9

\afml Am?2

A1n \

Amn /




Realworld examples of Data Tensors

ATimeseries Datgq 3D (samples, timesteps, features)
Almagesc 4D (samples, height, width, channels)
AVideoc 5D (samples, frames, height, width, channels)

[
[
I|
Color channels/ |
Features { e

A"l Height < ||
Timesteps




Vector Dimension vs. Tensor Dimension

AThe number of data in a vectoris also caleRA YSY A A 2 Y €
ALY RSSLI f SINYyAYy3 I (0KS RAYSYaaz

AMatrix = 2d array = 2d tensor = rank 2 tensor

AAxis means the specific dimension of a Tensor

https://deeplizard.com/learn/video/AiyKOidr4uM



https://deeplizard.com/learn/video/AiyK0idr4uM
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Matrix

j
ADefine a matrix with m rows n columns  mem—

and n columns: a;j / \
aiq aiz aq3 . . .

mrows

Fr=F az1 Az Q23
A e R i l

=N

IR

SantanuPattanayak £t N2 5SSLJ [ SI NKptegsR01d A 1 K ¢Sy a2 NCf 2



Matrix Operations

AAddition and Subtraction
1+5 2+6| [6 8
1 P IS N IS S It PO
3 4 7 8 3+47 4+8| |10 12

1-5 2-6] [-4 —4
A-B= =
[3—7 4—8i| {—4 —4}



Matrix Multiplication

ATwo matrices A and B, wherAa ¢ R™" Be RP

AThe columns of A must be equal to the rows of B, i.e. n ==

n

AA *B =C, wher Ce R"™ q

fl . _
£ Cii zzafkbkj D

k=1




Example of Matrix Multiplication (BB

123, [2°]_[58
4 5 6 )19 =

111

https://www.mathsisfun.com/algebra/matrbmultiplying.html



https://www.mathsisfun.com/algebra/matrix-multiplying.html

Example of Matrix Multiplication -5

1237, [ °] _[5864
4 5 6 I

111

https://www.mathsisfun.com/algebra/matrbmultiplying.html



https://www.mathsisfun.com/algebra/matrix-multiplying.html

Example of Matrix Multiplication (3

1237 [P °] _[5864
4 5 6 9109 = 113915

111

https://www.mathsisfun.com/algebra/matrbmultiplying.html



https://www.mathsisfun.com/algebra/matrix-multiplying.html

Matrix Transpose

A c Rmxn AT c Rnxm

a,=a, Vie{l,2,.m}V je{l,2,.n}

Ji i

A A’

i i 1 3
- 2 4

Ul W =
A &N

https://en.wikipedia.org/wiki/Transpose



https://en.wikipedia.org/wiki/Transpose

Dot Product

ADot product of two vectors becomeszalar
ANotation: U ¢0 or 0 U

[
T T
UV).Uy =V Uy =V, Uy =V Uy TV Uy, T TV, Uy, = Zvlk-vzk
k=1

| T 1n



Linear Independence

AA vector idinearly dependenton other vectors if it can be expressed
as the linear combination of other vectors

A A set of vector®) O E h islinearly mdependentlfoou
OO0 E U mmplles allo  TH Q¥ plghE &

]
N
(]

v, v, ] =0where v,eR™ Vie{l1,2,...,n},| . |eR™

n n_|



Span the Vector Space

f

An linearly independent vectors can span
n-dimensional space




Rank of a Matrix

ARank is:

- The number of linearly independent row or column vectors
- The dimension of the vector space generated by its columns

ARow rank = Column rank

AExample: Row
echelon

2 1 form 1 0 _5

A=]|-2 -3 1 01 3

5 0 0 0 O

https://en.wikipedia.org/wiki/Rank (linear algebra)



https://en.wikipedia.org/wiki/Rank_(linear_algebra)

ldentity Matrix |

AAny vector or matrix multiplied by | remains unchanged

AFor a matrix0 00 06 0o
1 0 0] 10 0][2] [2]
I={0 1 0|eR™ Iv={0 1 0 =3
0 0 0 14| |4




Inverse of a Matrix

AThe product of asquarematrix 0 and its inverse matrixo
produces the identity matrix 'O

A0 0 o o O
Alnverse matrix is square, but not all square matrices has inverses



Pseudo Inverse

ANon-square matrix and have lefverse or rightinverse matrix

AExample: B B
Ow ooNa hov g

- Create a square matrix 0
60w 0 W
- Multiplied both sides by inverse matri® 0
w 0606 0w

- 0 0 0 Iisthe pseudo inverse function



Norm

Ab2NlY A& | YSIadz2NB 2F | @S0O02NXQa
Ac .
FI e = (P et ) = () = (2 7x)
At norm
x|, =[x,] +x, ...+ |,
Ad norm \/p
(Fal +f =+
Ad norm

. . lllllp
Ll_I}II;[ Hx:Hp :llm(‘xl\p +\xz\p +---+\X,1‘p ) :ma.x(:cl,:cz,.... ,xn)

p—>a0



Eigen Vectors

AEigenvector is a nerero vector that changed by only a scalar fastor
when linear transforno is applied to:

0w dNa hov g
Aware Eigenvectors andare Eigenvalues

AOne of the most important concepts for machine learning, ex:
Principle Component Analysis (PCA)

Eigenvector centrality

PageRank

- X



Example: Sheat
Mapping

AHorizontal axis is the
Eigenvector




Power Iteration Method for Computing Eigenvect

1. Start with random vectoo
2. Calculate iterativelyd O U
3. Afterv convergesp e v

Vo

4. v will be the Eigenvector with largest Eigenvalue



NumPYy for Linear Algebra

ANumPY is the fundamental package for scientific computing
with Python. It contains among other things:

- a powerful Ndimensional array object
- sophisticated (broadcasting) functions
- tools for integrating C/C++ and Fortran code

- useful linear algebra, Fourier transform, and random
number capabilities



Python & NumPy tutorial

Ahttp://cs231n.qgithub.io/pythornumpy-tutorial/

AStanford CS231n: Convolutional Neural Network:
for Visual Recognition

- http://cs231n.stanford.edu/

Table of contents:

e Python
o Basic data types
o Containers
m Lists
= Dictionaries
= Sets
= Tuples
o Functions
o Classes
e Numpy
o Arrays
o Array indexing
o Datatypes
o Array math
o Broadcasting
e SciPy
o Image operations
o MATLAB files
o Distance between points
¢ Matplotlib
o Plotting
o Subplots
o Images



http://cs231n.github.io/python-numpy-tutorial/
http://cs231n.stanford.edu/

Create Tensors

Scalars (0D tensors) Vectors (1D tensors)

Matrices (2D tensors)

>>> import numpy as np
>>> X = np.array(12)
>>> X

array(12)

>>> x.ndim

0

>>> X = np.array([12,
>>> X

array([12, 3, 6, 141])
>>> x.ndim

1

3,

6,

147)

>>> X = np.array([[5, 78,
[6, 79,
[7, 80,

>>> x.ndim

2

2,
3,
4,

34,
35,
36,

07,
17,
211)




Create 3D Tensor

== ¥W.ndim
3

>>> x = np.array([[[5,
[6,
[ 7,
[[5,
[6,
[ 7,
[[5,
[6,
[ 7,

18,
79,
80,
18,
79,
80,
78,
79,
80,

TSN W R 0 BT - A S B O BT < L TS B

34,
35,
36,
34,
35,
36,
34,
35,
36,

| I— -
-

b = O M= O = O

| I R S— | S | | S | | I— | | | S | | I— | |
- L L L

| M—
e
"




Attributes of a Tensor

ANumber of axes (dimensions)
- X.ndim

AShape

- This is a tuple of integers showing how many data the tensor has along each a

AData type
- uint8, float32 or float64



Manipulating Tensors IHumpy

>>> my_slice = train images[10:100]
>>> print (my_slice.shape)
(90, 28, 28)

Equivalent to the
previous example

>>> my_slice = train_images[10:100, =:, =]
>>> my_slice.shape
(90, 28, 28) Also equivalent to the

>>> my_slice = train_images[10:100, 0:28, 0:28] previous example

>>> my_slice.shape
(90, 28, 28)

my_slice = train_images([:, 7:-7, 7:-7]

30



Displaying the Fourth Digit

digit = train images[4]

import matplotlib.pyplot as plt
plt.imshow(digit, cmap=plt.cm.binary)
plt.show()

10

15

20

25

Figure 2.2 The fourth sample in our dataset




NumpyMultiplication

import numpy as np

Im[]: M
In [4]: M
Out[4]:
In [5]: M
Out[5]:
In [10]: M
Out[10]:

x - hpariadlil, 2 3] (4 3 811
%

arrav([[1l, 2, 3],
[4, 5, 61D

¥ b aaville &l 19 0l (11 171}
¥

array([[ 7., 8],
[ 9, 10],
[11, 12]])

np.matmul(x, y)

arrav([[ 58, 64],
[139, 1541])




Realworld examples of Data Tensors

AVector datac 2D (samples, features)

ATimeseries Datg 3D (samples, timesteps, features)
Almages; 4D (samples, height, width, channels)
AVideoc 5D (samples, frames, height, width, channels)

[
[
I|
Color channels/ |
Features { e

Samples
A"l Height < ||
Timesteps

33



Batch size & Epochs

AA sample

- A sample is a single row of data

ABatch size
- Number of samples used for one iteration of gradient descent
- Batch size = 1: stochastic gradient descent
- 1 < Batch size < all: mibatch gradient descent
- Batch size = all: batch gradient descent

AEpoch

- Number of times that the learning algorithm work through all training
samples

34



Elementwise Operations for Matrix

AOperate on each element

def naive_add(x, Vy): x and y are 2D
assert len(x.shape) == Numpy tensors.
assert xX.shape == vy.shape
X = X.copy() <

Avoid overwriting

for 1 in range(x.shape[0]): the input tensor.

for j 1n range(xX.shapel[l]) :
x[1, Jl += yl[1i, 7l
return x



NumPy Operation for Matrix

ALeverage the Basic Linear Algebra subprograms (BLAS)
ABLAS is optimized using C or Fortran

import numpy as np

Z = X + Y <+— Element-wise addition

z = np.maximum(z, 0.) <—— Element-wise relu



Broadcasting

AApply smaller tensor repeated to the extra axes of the larger tensor

def naive_add_matrix_and_vector (x, V): \ X is a 2D Numpy tensor.
assert len(x.shape) ==
assert len(y.shape) == 1 <+—— Yy is a Numpy vector.

assert x.shapel[l] == vy.shapel0]

x = x.copy() Avoid overwriting

for i in range(x.shape([0]): the input tensor

for J in range(x.shape[l]):

x[1, J] += yI[]j]
return x

37



C

A
.

Tensor Dot -

y.shape:

(b, c)

import numpy as np
Z = np.dot(x, V) b < Column of y

z.shape:

(a, c)

- z[1,]]




Implementation of Dot Product



