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Symbols & Terminologies

Or

s

1. TuE PrROBLEM

state at time ¢

action at time ¢

reward at time ¢

discount rate (where 0 < v < 1)

discounted return at time ¢ (3 ;- 7" Resri1)
set of all nonterminal states

set of all states (including terminal states)
set of all actions

set of all actions available in state s

set of all rewards

probability of next state s’ and reward r, given current state s and current action a (P(Si+1 = 8", Riv1 =r|S: = 5,4 = a))

2. THE SOLUTION

policy
if deterministic: w(s) € A(s) for all s € §
if stochastic: w(a|s) =P(A; = a|S; = s) for all s € § and a € A(s)
state-value function for policy ™ (v:(s) = E[G;|S; = 5] for all s € &)
action-value function for policy 7 (g-(s,a) = E[G|S; = 5,4; = a] for all s € § and a € A(s))
optimal state-value function (v.(s) = max, v,(s) for all s £ &)
optimal action-value function (g.(s,a) = max; q.(s,a) for all s € § and a € A(s))



Bellman Equations

s = 3 wlals) Y plsrlsa)r+ue(s)
ac A(s) eSS reR
i=(s,0) = Y plsrls,a)(r+y ) w(d']s)gR(s,a"))

=

reS,reR a'cA(s")




Bellman Optimality Equations

ac Al s)
L. eSS reR

v,(8) = max Z p(s',rls,a)(r + yv.(s))

Q*{S!ﬂ} — Z p(S’?ﬂSv ﬂ-}{?‘ + 7

eSS reR

L ]

Imiax

'eA(s]

, 38, a'))




Deriving the Bellman Equations
va(s) = Y m(als)ax(s,a)

acA(s)

Ue(8) = aléfﬁ;. g.(s,a)

gr(s,a) = Z p(s'.rls,a)(r +yv.(s"))

s'eS. reR

g(s,0) = D p(s',rls,a)(r +yva(s))

s'eS . reR



Deriving the Bellman Equations

qx(5,a) =B [G|S; =s,4; =a] (1)
= Z P{St+1 = 5.!'= R.f.'.]_ = '?“lSt = 5, .4.f = ﬂ-)Eﬂ[Gflgt = 8, .""l.t =4a, St+1 = S;: R.f.'.‘]_ = '?”] (2)

eSS reR

= Y p(s,7|s,a)E«[Ge|Se = 5, At = a, 811 = &', Ry =1]  (3)
eSS reR

= Y (s, rls, )BR[Gi|Ss1 = &' Ripr = 1] (4)
eSS reR

— Z p(s',r|s,a)Ex[Ryy1 +7G141|Si41 = 5", Repr =71] (5) » (1) by definition (gx(s,a) = Ex|G¢|S: = 5, A, = a])
€S, reR » (2) Law of Total Expectation

— / ; .

— FESZZERP{S 7|8, a)(r + YEz[Ge11| S = 1) (6) + (3) by definition (p(s',rls, @) = P(Sers = &', Ress = r|Se 5, A¢ — a)
& T

= Z p(s',rls,a)(r +yve(s') (7) o (4) EL[G|S: =5,As = a,S141 = &, Reyy =] = EL[G¢|Sr41 = §', Ry = 1]
eSS reR
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Dynamic Programming

Algorithm 1: Policy Evaluation

Input: MDP, policy 7, small positive number #
Output: V = v,
Initialize V' arbitrarily (e.g., V(s) =0 for all s € ST)
repeat
A+0
for s § do
v+ V{(s)
V(s) &= 2 aeacs) mals) Ywes rer P(S'7ls; a)(r + 7V (s'))
A +— max(A, |[v—V{(s)|)
end
until A < @,
return V

Algorithm 2: Estimation of Action Values

Fa

Input: MDP, state-value function ¥
Output: action-value function @)
for s € § do

for a € A(s) do

| Q(s,a) < o cs,er P8, r]s,a)(r+4V(s))

end
end
return )




Algorithm 3: Policy Improvement

Input: MDP, value funetion V'
Output: policy 7'
for s € § do
for a € A(s) do
| Qs,0) = Tyes er P, s, a)(r + V()
end
7 (s) + argmax,c.(s) Q(s, a)
end
return 7'

Algorithm 4: Policy Iteration

Input: MDP, small positive number #
Output: policy 7 = 7.

) y n a m | C Initialize 7 arbitrarily (e.g., m(als) = oy for all s € S and a € A(s))
policy-stable + false

repeat

V + Policy_Evaluation(MDP, 7, )

:) ro g ra m m I n g m « Policy_Improvement(MDP, V')

if m = 7' then

| policy-stable + true
end
T T
until policy-stable = true;
return

Algorithm 5: Truneated Policy Evaluation

Input: MDP, policy m, value function V', positive integer maz_iterations
Output: V = v, (if mar_iterations is large enough)
counter + 0
while counter < maz_iterations do
for se S do
‘ 1';{3) — ZQEA(SJ ?r(a|3) ZS’ES;E'R p(sf-‘ 'I“lS.. &){?‘ + A-r'vr{s#))
end

counter + counter 4+ 1
end
return V




Dynamic Programming

Algorithm 6: Truncated Policy Iteration

Input: MDP, positive integer max_iterations, small positive number #
Output: policy m = 7,

Initialize V' arbitrarily (e.g., V(s) = 0 for all s € §T)

Initialize 7 arbitrarily (e.g., m(a|s) = ﬁ for all s € § and a € A(s))
repeat

T + Policy_Improvement(MDP, V)

Vola <V

V' + Truncated_Policy_Evaluation(MDP, 7, V, max_iterations)
until max..s |V (s) — V,a(s)| < #;

return

Algorithm 7: Value Iteration

Input: MDP, small positive number ¢
Output: policy 7 =~ 7.
Initialize V' arbitrarily (e.g., V(s) =0 for all s € §T)
repeat
A+ 0
for s S do
v+ Vi(s)
Vi(s) &« maxaeg(s) 2 oes rer P8 7]8,0) (r + 9V (5"))
A+ max(A, v — V(s)|)
end
until A < #;
7T + Policy_Improvement(MDP, V)
return




Algorithm 8: First-Visit MC Prediction (for state values)

Input: policy m, positive integer num_episodes
Output: value function V' (= v, if num_episodes is large enough)
Initialize N(s) =0 foralls e S
Initialize returns_sum(s) =0 forall s € §
for i + 1 to num_episodes do
Generate an episode Sy, Ag, By, ..., ST using 7
fort 0 toT—1do
if S; is a first visit (with return G;) then

N(S:) «+ N(S:)+1

returns_sum(S;) + returns_sum(S;) + G,
end

end
V(s) « returns_sum(s)/N(s) forall s € §
return V

Monte Carlo Methods

Algorithm 9: First-Visit MC Prediction (for action values)

Input: policy m, positive integer num_episodes
Output: value function () (= g, if num_episodes is large enough)
Initialize N(s,a) =0 for all s € §,a € A(s)
Initialize returns_sum(s,a) = 0 for all s € §,a € A(s)
for i + 1 to num_episodes do
Generate an episode Sy, Ag, By, ..., ST using 7
fort 0 toT—1do
if (S, Ay) is a first visit (with return ;) then

N(Si, Ae) + N(S:, Ae) + 1

returns_sum(S, A;) « returns_sum(S;, A;) + G,
end

end
Q(s,a) + returns_sum(s,a)/N(s,a) for all s € §, a € A(s)
return @)




Algorithm 10: First-Visit GLIE MC Control

Input: positive integer num_episodes, GLIE {¢;}
Output: policy 7 (= w, if num_episodes is large enough)
Initialize )(s,a) =0 for all s € S and a € A(s)

Initialize N(s,a) =0 for all s € §,a € A(s)

for i « 1 to num_episodes do
€ ¢ €

T+ e-greedy(Q)
Generate an episode Sp, Ag, By, ..., ST using 7
fort«+— 0 toT —1do
if (5, A¢) s a first visit (with return ;) then
N(S5¢,Ay) +— N(5;,A¢) +1
Q(St, Ar)  Q(St, 4e) + T‘{'j;iTE}'{Gt — Q(S5:, Ar))

end
end
return T

Monte Carlo Methods

Algorithm 11: First-Visit Constant-o (GLIE) MC Control

Input: positive integer num_episodes, small positive fraction a, GLIE {¢;}
Output: policy 7 (= w, if num_episodes is large enough)
Initialize @ arbitrarily (e.g., Q(s,a) =0 for all s € § and a € A(s))

for i «— 1 to num_episodes do
£+ €;

T+ e-greedy(Q)
Generate an episode Sp, Ao, R1...., 57 using w
fort <0 toT —1do
if (S, A¢) is a first visit (with return ;) then
| Q(S:, Ae) + Q(S¢, Ae) + (G — Q(S:, Ae))

end

end
return T




Algorithm 12: TD(0)

Input: policy m, positive integer num_episodes
Output: value function V' (= v, if num_episodes is large enough)
Initialize V arbitrarily (e.g., V(s) =0 for all s € §T)
for i + 1 to num_episodes do
Observe S,
t+«0
repeat
Choose action A; using policy 7
Take action A; and observe Riyq, S¢s1
V(S:) « V(S:) + a(Rip1 + 7V (Ses1) — V(Si))
t+—t+1
until S; is terminal:
end
return V

Temporal-Difference
Methods

Algorithm 13: Sarsa

Input: policy m, positive integer num_episodes, small positive fraction a, GLIE {¢;}

Output: value function € (= g, if num_episodes is large enough)

Initialize @ arbitrarily (e.g., ()(s,a) =0 for all s € § and a € A(s), and Q(terminal-state,-) = 0)

for i «+ 1 to num_episodes do
€ €;

Observe S,

Choose action Ay using policy derived from @) (e.g., e-greedy)

t+«0

repeat
Take action A; and observe R, 1,51
Choose action A, using policy derived from @ (e.g., e-greedy)
Q(St, As) + Q(Ss, Ag) + a(Rep1 +7Q(St41, A1) — Q(S5¢, Ar))
t—t+1

until S; is terminal;

end

return ()




Algorithm 14: Sarsamax ((Q-Learning)

Input: policy m, positive integer num_episodes, small positive fraction a, GLI
Output: value function Q@ (= g, if num_episodes is large enough)
Initialize @ arbitrarily (e.g., Q(s,a) =0 for all s € S and a € A(s), and Q(ter

for i + 1 to num_episodes do
£+ €

Observe Sy

Temporal-Difference
Methods

t+ 0

repeat
Choose action A; using policy derived from @ (e.g., e-greedy)
Take action A; and observe R;. .51
Q(S:, Ay) + Q(Sy, Ay) + a( Ry + ymax, Q(Sie1,a) — QS At))
t—t+1

until S; is terminal;

end

return

Algorithm 15: Expected Sarsa

Input: policy m, positive integer num_episodes, small positive fraction o, GLIE {¢;}

Output: value function Q@ (= g- if num_episodes is large enough)

Initialize @ arbitrarily (e.g., Q(s,a) =0 for all s € § and a € A(s), and Q(terminal-state,-) = 0)

for i + 1 to num_episodes do
£+ €

Observe Sy

t+—0

repeat
Choose action A; using policy derived from @ (e.g., e-greedy)
Take action A; and observe R;. .51

te—1tL1
until S; is terminal;
end
return ()

Q(St, At) + Q(Se, Ae) + a(Rer1 +7 22, m(alSe41)Q(Se+1,a) — Q(St, At))




N-step SARSA

1-slep Sarsa w-step Sarsa n-step
aka Sarsa{0) 2-step Sarsa 3-step Sarsa nslep Sarsa  aka Monte Carlo Expected Sarsa
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Forward View vs. Backward View

* N-step TD (and DP) are based

on forward view

 TD( A) is oriented backward in
time
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learning/blob/master/cheatsheet/cheatsheet.pdf
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